
Mean Temperature Difference: A Reappraisal 
The derivation of the mean temperature difference in heat exchangers 

is based on a number of assumptions or idealizations, the most important 
ones being that the heat transfer coefficient is constant throughout the ex- 
changer; that the temperature of either fluid is constant over any cross sec- 
tion of its nominal path, that is, complete mixing, no stratification or by- 
passing; and that an additional assumption for shell and tube exchangers, 
which has not always been fully recognized, is that within one baffle cross- 
ing the shell fluid temperature change is small with respect to its overall 
change, (that is, number of baffles is large). In actual exchangers, any of the 
above assumptions are frequently subject to various degrees of invalidation. 
This paper examines the effects of deviating from the first two assumptions 
and presents a new solution to the third. 
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SCOPE 

As indicated by the title, this paper examines the mag- 
nitude of potential error in evaluation of the mean tem- 
perature difference (MTD) in heat exchangers caused by 
departure from a number of simplifying assumptions nec- 
essary for a straightforward solution of the MTD equa- 
tions. Attention in this paper is confined to the three sig- 
nificant ones. 

1. The assumption that the overall coefficient is con- 
stant throughout the exchanger is most frequently violated, 
especially for fluids with steep viscosity characteristics and 
large temperature changes. Existing literature on this sub- 
ject is scattered and confined to a few specific cases. 

2. Bypassing in heat exchangers occurs if the flow splits 
into several branches owing to unequal flow resistances. 

Each stream is exposed to different conditions of heat 
transfer, and the mixed exit temperature can be severely 
distorted against idealized assumptions. While this prob- 
lem has been qualitatively realized for some ideal condi- 
tions, solutions for (or even awareness of) the potentially 
disastrous results in industrial applications have not been 
properly recognized. 

3. The consequences of the third assumption, that the 
number of baffles in a shell and tube exchanger is large, 
have never been analyzed before. The potential error is 
particularly apparent in a one shell pass-one tube pass ex- 
changer, customarily considered as operating in counter- 
flow. However, when only a few baffles are used, the flow 
in each baffle space is in cross flow, resulting in a possible 
severe MTD penalty. 

CONCLUSIONS AND SIGNIFICANCE 

While simplifying assumptions for solutions of the mean 
temperature difference (MTD) in heat exchangers are nec- 
essary for explicit solutions, most of the assumptions are 
violated in practical applications. This paper focuses on 
three assumptions considered the most frequent and most 
serious ones. For the first two assumptions, namely, change 
of the overall coefficient between hot and cold terminal 
temperatures and effects of fluid bypassing and unequal 
heat transfer, a critical review of the conditions leading to 
potential errors is presented. Remedial actions are recom- 
mended on a systematic basis as good as the present state 
of the art permits. A comprehensive review of the meager 
and scattered literature sources on the subject is given. 

The third assumption, that the number of cross flow 
baffles in a shell and tube exchanger is Earge, is appraised 

by comparison of the conventional MTD to that of an ex- 
changer synthesized from pure unmixed cross flow ele- 
ments, all other conventional assumptions remaining valid. 
A lower bound to the MTD is thus established (the upper 
bound being the conventional MTD) over the range from 
no baffles at all to any arbitrary number. Interpolation 
formulas between the two are proposed. Although atten- 
tion is confined to single-pass, TEMA type E shells with 
one- or two-pass tubes, the general procedure required 
for other configurations is apparent. 

As a final comment and advice for caution, the authors 
would like to emphasize that use of complex, sophisticated 
computer programs will resolve some of the problems 
treated in this paper but will never become a substitute 
for a sound engineering judgment and individual analysis 
of critical cases. 

Underlying all heat exchanger calculations is the basic 

dQ = U(T - t)dA ( 1) 

This equation is strictly valid for pointwise values of the 
coefficient U with respect to heat transfer surface dA and 
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any arbitrary temperature-heat release relationship, ex- 
pressed as dQ vs. temperature change. In this sense, 
actually all the terms of Equation ( 1) can be interrelated 
but must be then solved only on a pointwise (or step- 
wise) basis. Rearranging Equation (1) and integrating, 
we get 

equation 



dQ 
1 

U ( T  - t )  
If we calculate stepwise U and corresponding AT and plot 
l / [ U ( T  - t ) ]  vs. Q, the area under such curve will 
represent the required surface A. A similar procedure 
was demonstrated in a classical paper by Colburn ( 1933). 
The pointwise calculations can get quite involved and 
are, for all but simple problems, practically solvable only 
by sophisticated computer programs, and even in such 
case the techniques of doing so are just emerging. 

For many flow arrangements and heat transfer proc- 
esses, especially in no phase change, the integration of 
Equation (1) can be performed under a number of re- 
strictive assumptions. These are, in approximately de- 
creasing order of importance: 

1. The overall heat transfer coefficient U is constant 
throughout the exchanger. 

2. For pure counterflow or cocurrent flow, the tem- 
perature of either fluid is uniform over any cross section 
of its path. For multishell pass and multitube pass ar- 
rangements, this applies within any shell or tube pass. 
In other words, the thermal history of any particle in 
either stream is identical to any other particle in that 
stream, that is, complete mixing, no stratification or by- 
passing. For cross flow arrangements, each fluid is con- 
sidered either completely mixed or unmixed normal to 
the flow, and mixed or unmixed between passes. 

3. For baffled shell and tube exchangers, the heat trans- 
ferred in each baffle compartment is small compared to 
the overall; that is, the number of baffles is large. 

4. The flow rate and specific heat of each fluid is con- 
stant. 

5. There is no change of phase of either fluid in only 
a part of the exchanger. If condensation or boiling occurs, 
it must do so uniformly over the entire surface and in 
such a way that equal quantities of heat are exchanged 
for equal changes of the fluid temperature. This produces 
a linear plot of heat exchanged vs. temperature. 

6. There is equal heat transfer surface in each tube or 
shell pass. 

7. Heat losses to surroundings are negligible. 
If all the above restrictive assumptions are considered 

valid, integration of Equation ( 2 )  for counterflow (or 
cocurrent flow) yields the elementary solution for the 
mean temperature difference At, as Atlog, which becomes 
a function of the hot and cold terminal temperature 
differences Dh and D,: 

For various combinations of counterflow and cocurrent 
flow such as occur in multitube pass exchangers, A t ,  is 
obtained by means of a correction factor F :  

At, = FAtlog  (4) 
The F factor formulation will be used throughout this 

paper as being the most illustrative one, representing 
directly the penalty against the best possible case of 
counterflow. HecalcuIations to the sometimes preferred 
presentation as number of transfer units NTU are easily 
possible through the following relationships: 

1 
(NTU).8 

F =  

where 

However, in actual exchangers several of the above 
assumptions are frequently violated to some extent, re- 
sulting in various degrees of potential inaccuracy. The 
first tiiree asumptions are considered not only the most 
important ones but also the most misunderstood ones, 
being either not at all or only fragmentarily documented. 
Consequently, the remaining content of this paper is 
devoted to review of the problem regarding deviations 
from assumptions 1 and 2 and presents a solution to 
assumption 3, which has, to the best knowledge of the 
authors, never been considered before. 

EFFECTS OF VARIATION OF HEAT TRANSFER 
COEFrlClENT U 

Only in rare cases will the assumption of constant U 
be strictly valid. A commonly used simple equation form 
for heat transfer coefficient suggests that for turbulent 
fiow approximately the following relationship holds: 

h k0.6c0.4 ,,,-0.4 ( 7 )  
For liquids, the k and c variations with temperature 
roughly ofl’set their eflects (except in extreme cases of 
approaching critical temperatuie) so that h remains 
mainly dependent on p. Thus, for liquids with steep p 
vs. 2‘ characteristic, 12 can change significantly between 
inlet and outlet, For gases, all properties involved gen- 
erally increase with temperature, but only mildly so, 
and thus gas coefficients are relatively stable. 

Analytical solutions to several flow arrangements exist 
in the literature, in all cases under assumption of linear 
variation of U between inlet and outlet. These are re- 
viewed in the following. 

Countercurrent Flow Exchangers 
For countcrcurrent flow, an analytical soIution was 

derived by Coiburn (1933) as the logarithmic mean of 
the products UJ,D, and UcDJl, under the assumption that U 
varies linearly between the hot and cold end of the ex- 
changer: 

A In (U{,D,) / (U,D,,) U h D c + L ’ c D h  2 
UhDc -k UcDh 

A 
Q -  ( u h D c  - UCDh) - _  

(8) 

This compares to the constant Uavg coefficient formulation 
combined with Atlog as follows: 

Uavg can be interpreted as: 
1. Arithmetic average between Uh and uc (two cal- 

culations for U ) .  
2. U calculated from shell stream and tube stream h 

values, each referred to the arithmetic average tempera- 
ture of that stream (single calculation for U ) .  

3. Colburn (1933) also derived an alternate method 
to Equation (8) by which a caloric temperature is de- 
fined so that if used for evaluation of UavP and used in 
Equation ( 9 ) ,  a coriect result will be obtained. 

The question obviously arises how much error is com- 
mitted by using Equation (9)  against Col1,urn’s Equation 
( 8 ) .  Expressing both equations in terms of D J J D ,  = D’ 
= (1 - P ) / ( 1  - PR)  and ( U h / U c )  = U’ and taking 
the ratio of Equation (8) to Equation i s ) ,  we get an 
expression for the error ratio or correction factor F: 

ZD’U’( 1/D’ - l/U’) In D’ 
(1 + U’) (D’ - 1) In (U’/D’) F =  (10) 
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This is shown graphically in Figure 1. Values of F < 1.0 
indicate that if we use Equation (9) under conditions 
of 1 or 2, the exchanger will be underdesigned, compared 
to the Colburn solution, Equation (8). In addition, it is 
of interest to make a comparison between the correct 
solution derived from stepwise evaluation of Equation 
(2)  and results obtained fiom Equation (8) and (9) 
under the conditions 1, 2, or 3. For nearly linear beha- 
vior of U ,  Equations (8) and (9) ,  condition 3, will be 
practically identical and equal to the correct solution. 
Also, Equation (9) ,  conditions 1 and 2, will produce 
the same result and therefore the same error, compared 
to Equation (8) .  For moderately nonlinear behavior of U ,  
the correct solution will be between that of Equation (8) 
and Equation (9),  condition 3, the latter being frequently 
more accurate. There is no clear-cut preference for the 
simplified assumptions 1 and 2 to Equation (9) ,  depend- 
ing on which average will more closely approximate the 
true average of the nonlinear profile, but it appears that 
the condition 2 will result in lesser error for most cases, 
even though requiring fewer calculations. For highly 
nonlinear behavior of U ,  such as transition between lam- 
inar and turbulent flow, resort must be taken to stepwise 
calculation, Equation (2) .  

Multitube Pass Exchanger 

For other than countercurrent flow, the analytical solu- 
tion of the variable U problem becomes much more com- 
plicated. A rather simple solution was suggested by 
Sieder and Tate (1936) recommending to combine the 
Colburn's counterflow solution, Equation (a), with the F 
correction factor, based on constant U ,  appropriate to 
any particular flow configuration 

This general and simple procedure had the qualified 
approval of Bowmaii et al. (1940) in lieu of any better 
method available at that time. Indeed, this method was 
checked against examples presented by Gardner (1945) 
and Ramalho and 'I'iiler (1965) and found to produce 
results within ~ 1 0 ~ ~ ,  except in extreme cases of severe 
temperature approach, which one would avoid anyway 
owing to very low values of F .  This was originally ob- 
served by Gardiier (1945) and recently confirmed by 
Kao (1975) from a numerical analysis method for 
TEMA E and J types of shells. 

Several specific attempts were made on the analytical 
solution of 1-2 exchangers with variable U. In historical 
sequence, Gardner (1941) presented a paper aimed pri- 
marily for exchangers with unequal surface in two tube 
passes. The F factor is presented as function of the ratio 
of (UA) ,I /  ( U A )  cC. It is suggested in the conclusion of 
the paper that for cases of equal tube pass surfaces, the 
method can also be interpreted as being applicable for 
linear variation of U with tube side fluid controlling. A 
set of F vs. P charts is presented for selected values of 
a parameter which can be interpreted as representing 
the ratio of U,,/U,. Unfortunately, no numerical example 
is given. A later paper by Gardner (1945) investigated 
specifically the effects of variable U as a linear function 
of the shell stream temperature in 1-2 exchangers under 
the assumption of shell side film controlling. Equations 
and graphs are given for calculating F correction factor 
as functions of P ,  R, and Uh/U, .  A numerical example 
is presented for rather severe change of coefficients ( U h / U c  
= 3) with shell side film controlling, showing that ap- 
plication of Equation (11) would have resulted in 1076 
underdesign, but neglect of the effect of variable co- 
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efficient U altogether produces a severe underdesign of 
59%. 

An apparently similar analysis to that by Gardner 
(1941) for 1-2 exchangers, assuming linear variation of U 
as frinction of the tube side temperature, was developed 
by Kamaiho and Tiller ( 1965). ?'lie results are presented 
in a set of P vs. NTU graphs, each for a discrete value 
of' Ul,/Uc, but the mathematical formulations are left in 
the form of differential equations and are rather difficult 
to compare with other specific presentations. The authors 
were apparently unaware of previous work on the same 
subject by Gardner ( 1941, 1945). A numerical example 
is shown with U J U C  = 2. It is of interest to note that 
the method by Gardner (1941) produced the same result 
(within reading accuracy of the graphs). Using the sim- 
piified method [Equation ( l l)]  produces for this ex- 
ample an overdesign of about 10%. It is also of interest 
to notice that the example of shell side fluid controlling 
resulted in underdesign when the U variation was neg- 
lected, while for tube side fluid controlling the example 
showed an overdesign. This should not be taken as a 
rule, as the effects will depend, among other things, on 
whether the controlling fluid is being heated or cooled. 

All the above methods are based on the assumption 
of linear variation of U .  For nonlinear variation of U ,  
Gardner (1945) suggests an analytical expression, but 
the method is not developed to a practical working level. 
A recent and previously mentioned comprehensive in- 
vestigation by Kao (1975) uses numerical solution of 
simultaneous nonlinear differential equations for analysis 
of several combinations of cases with shell and tube side 
fluid controlling in a 1-2N exchanger with inlet tube pass 
in counterflow and cocurrent flow with respect to shell 
side flow as well as for cases where tube side fluid is 
being cooled and heated. Kao's conclusions essentially 
support previous observations by Gardner ( 1941, 1945). 
The numerical analysis involved permits any arbitrary 
variation of U as well as the heat capacity c but, while 
useful for detailed investigation of specific cases, would 
probably be too cumbersome as a generalized design 
procedure. 

A variable coefficient in various cases of cross flow 
arrangement was investigated by Roetzel (1974), but 
again the method does not appear to be sufficiently gen- 
eral to be considered an industrial user oriented method. 

The following comments will summarize the problems 
connected with ~t~ determination for cases of variable U .  

1. Considerable error can be committed by using Atl,, 
without any correction. Figure 1 can be used as an 
approximate measure of the potential error. 

2 .  For counterflow exchangers, use the Colburn's log- 
arithmic mean method [Equation (8) or Figure 11. 

3. As a general method, including any flow arrange- 
ment for which a specific method does not exist, the 
approximation method, Equation (11), appears to be a 
reasonable compromise, producing results within about 
1052 accuracy for all but extreme temperature approach 
cases. 

4. If greater accuracy is desired and TEMA E she11 
type of exchanger is used, apply the method by Gardner 
(1945) for shell side film controlling and the method by 
Gardner (1941) for tube side film controlling. 

5 .  Above cases 2, 3, and 4 assume an essentially linear U 
variation. For nonlinear U variation, such as laminar- 
turbulent transition, stepwise procedure [Equation ( 2 )  ] 
or numerical methods as shown by Kao (1975) must 
be used. 

As a final comment, let us mention that the develop- 
ment of analytical, generalized methods for Atm is es- 
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Fig. I .  Error ratio or correction factor F evaluated from Equation 

(10). 

sential for manual calculations only. The almost universal 
use of computer programs for design of all standard 
types of exchangers on high-speed computers makes it 
now possible to employ stepwise calculations or numerical 
analysis methods, even though the computational com- 
plexity is considerable. 

EFFECTS OF BYPASSING 

Another important but frequently violated assumption 
for At,n validity is the condition that the thermal history 
of all fluid particles is identical (assumption 2 ) .  In prin- 
ciple, we are concerned here with a situation where, 
for reasons of unequal flow resistances, two or more 
streams develop within a heat exchanger and because 
of their flow path are not heated (or cooled) to the 
same degree and, in the extreme case, exchange heat 
only through mixing, which can be continuous or sudden. 

For baffled shell and tube exchangers, it was shown 
by Tinker (1958) and later by Palen and Taborek (1969) 
that the shell side flow is not uniform but rather com- 

I Hot Stream (Isothermal) 1 

- FlowPath 
Fig. 2. Temperature change within a flow element. 

posed of the main cross flow stream and usually three 
identifiable bypass streams: between baffle and shell 
(E stream), between baffle holes and tubes (A stream), 
and between tube bundle and shell wall (C stream). 
The magnitude of these streams can vary widely de- 
pending on the geometries involved, the driving pressure 
differential between baffles, and, as the resistances of 
the individual streams are function of Re, the flow regime. 

In other exchanger types, a somewhat different case 
of bypassing was experimentally demonstrated by Weier- 
man et  al. (1975) in flow across in-line finned tube banks, 
producing a dramatic error in At,. Still another type of 
bypassing or maldistribution can occur in tube side flow 
for laminar cooling where part of the tubes can freeze up, 
as shown by Mueller (1974) and further confirmed by 
Kao (1975). 

The bypassing problem is schematically illustrated in 
Figure 2. Stream 1 is fully heat transfer effective, such 
as the cross flow stream in shell and tube exchangers. 
Stream 2 is partially effective, such as the C stream, 
while stream 3 is completely ineffective. A mixed outlet 
temperature is then obtained, which shows an apparent 
temperature difference driving force which is much larger 
than the one effectively present. Thus, uncorrected by- 
passing will $ways result in underdesign of exchangers 
or, if applied for interpretation of experimental data, 
will result in underestimation of the true film coefficient 
for the fully effective stream. A secondary, but not less 
important, effect is, of course, the decrease of velocity 
of the effective stream, resulting in a reduced film co- 
efficient. 

For countercurrent shell and tube exchangers, the 
eifects of bypassing on At, were first recognized by 
\Vhistler (1947) and a simplified analysis presented on 
a baffle-by-baffle basis. The difficulty at that time was 
the estimation of the bypass streams magnitude, which 
became more realistically possible thi ough the work of 
Tinker ( 1958), later refined by Palen and Taborek ( 1969). 
Short (1960) also recognized the effects of bypassing 
Atflt but did not develop a practically applicable method. 
Palen and Taborek (1969) developed a qualitative em- 
pirical method for shell and tube exchangers in the form 
of AtflL penalty factor which is function of the E stream 
relative magnitude and the ratio of the terminal temper- 
ature approach to the shell side temperature rise. The 
effect of Reynolds number is also observed to be of great 
importance, as it will affect the degree of mixing. 

Fisoher and Parker (1969) developed an analytical 
methad for the effect of bypassing on At, in a 1-2 ex- 
changer. Here, the bypass stream is considered as the 
sum of the A, C, and E streams and as being thermally 
fully ineffective. Complete mixing is assumed to occur 
at each baffle crossing. The analysis is not presented in 
the usual dimensionless terms, but a number of graphs 
for the correction factor F as function of P for discrete 
combinations of bypass fractions and number of baffles 
crossed is shown. While the simplified assumptions were 
probably necessary in order to permit a manageable solu- 
tion, their validity can be somewhat questioned. For 
example, the A stream (tube-to-baffle hole) is relatively 
effective and mixes immediately with the cross flow stream; 
the C stream is at least partially effective, or can be 
made so by use of sealing strips, and also mixes continu- 
ously with the cross flow stream. The most ineffective 
E stream (baffle to shell) is considered independent of Re, 
which is contrary to what was observed from experi- 
mental data, such as shown by Bell (1963) and Palen 
and Taborek (1969). 

A generalized analytical solution for an elementary 
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A 1-1 counterflow 
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C 
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C 1-2, countercurrent return TI  a t  stationary head end 

L 
I ----I 

E 1-2, cocurrent return TI a t  stationary head end 

Fig. 3. Synthesis of simulated 1-1 and 1-2 shell and tube heat exchangers from identical basic cross flow elements. 

system of two streams with arbitrary mixing was pre- 
sented by Bell and Kegler (1975) and compared to data 
by Weierman et al. (1975). I t  is suggested that this type 
of analysis will be necessary for realistic solution of the 
bypass problem in tube banks and shell and tube ex- 
changers as well. However, a much more systematic 
set of data than presently available would have to be 
generated, including variation of all the basic parameters. 

In summary, there is no generalized method available 
in published literature which would dependably account 
for the effects of bypassing in tube banks or shell and 
tube exchangers. In the latter, the effective cross flow 
stream for well-designed exchangers varies from about 
70% in turbulent flow to as low as 20% in deep laminar 
flow. Thus, the real problem is the combination of effects 
on both temperature difference as well as the true effec- 
tive film coefficient. Similar to the conclusion of the pre- 
vious chapter, it appears that a stepwise calculation 
procedure on fast digital computers may be the only 
right answer, assuming the availability of methods, such 
as shown by Palen and Taborek (1969), to predict the 
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magnitude of the bypass streams and their respective 
heat transfer effectiveness. 

EFFECTS OF SMALL NUMBERS OF BAFFLES 

The following discussion and derivation is basically a 
parametric study in the sense that all other conventional 
assumptions are considered valid while only one, in this 
case assumption 3, is changed and its effects observed by 
comparison to those of the original. An assumption cus- 
tomarily made in deriving a mean temperature difference 
(MTD) correction factor F for shell and tube heat ex- 
changers is that the temperature of the shell fluid may 
be considered uniform over any cross section normal to 
the shell axis. This assumption is a good approximation 
to the physical situation only to the extent that the tem- 
perature change in a single compartment between adja- 
cent baffles is a small fraction of the total temperature 
change of the shell fluid through the exchanger, With 
segment-cut baffles so disposed as to encourage cross flow 
of the shell stream over all tube passes in alternating 
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directims in successive baffle compartments, validation 
of the assumption requires a large number of baffles per 
shell in either single shell pass, single tube pass (1-l) ,  
or single shell pass, two tube pass (1-2) exchangers. Lim- 
itations of time and space confine attention here to ex- 
changers of the types described above. 

At least four questions are raised by the preceding 
paragraphs: 

1. How large is a large number of baffles in that context? 
2.  What MI'D correction is required for a lesser num- 

ber? 
3. Does such correction remain independent of shell 

fluid flow direction in 1-2 exchangers as it does when 
the number of baffles is large? 

4. On what basis can the foregoing questions be an- 
swered quantitatively and conservatively? 

Basis for Anolysis 

Taking the last question first, we propose to consider 
a 1-1 exchanger with (X-1) cross flow baffles as an 
array of X geometrically identical pure crossflow ex- 
changers arranged in series counterflow, as shown in 
Figure 3a. (The cocurrent series array is of little interest 
in practice.) A 1-2 exchanger, by similar reasoning, is 
considered as a much more complex array of 2X identical 
pure cross flow elements (for X-1 baffles), as shown in 
Figures 3b, c, d, and e. The four alternative arrays cover 
the cases where the shell stream at the tube return end 
of the shell crosses the tube bundle counter to the tube 
flow direction in the return head (or U tubes), Figures 
3b and c, or in the same direction, Figures 3d and e. In 
either situation, a distinction must be maintained be- 
tween even and odd numbers of shell stream cross flow 
passes, at least until X increases to such a value that the 
need for such distinction clearly no longer exists, At 
such a point (or number of cross flow passes), large 
number will have been defined in response to Question 1 
above. 

In all cases, the entire shell stream is first assumed to 
pass in uniformly distributed cross flow through each 
component element of the array; that is, there are no 
axial components of the shell stream past effective surface 
and no bypassing to complicate what is intended to be 
a lower bound solution for the MTD correction factor. 

It is necessary also to specify the type of cross flow 
involved within each element and the mixing effects 
of passage from one element to the next. It is assumed 
that both streams are unmixed within an element (as 

appropriate to widely spaced baffles) and that the num- 
ber of tube layers crossed per element is sufficiently high 
(say > 6)  to justify use of pure unmixed cross flow ther- 
mal relationships for each element. It is further assumed 
that both streams are completely mixed between ele- 
ments. (Actually, the tube stream is unmixed between 
elements except in the return head of 1-2 exchangers, 
and the shell stream between elements alternates from 
mixed, as it turns and passes through a baffle opening, to 
unmixed, as it crosses from one tube pass element to the 
other in 1-2 exchangers), 

Stevens et al. (1957) obtained results for two and 
three cross flow exchangers in series-counterfIow, unmixed 
between elements on one stream and mixed on the other. 
Comparison of these results with those for both streams 
mixed between elements and consideration of a discus- 
sion by Landis support the authors' conclusion that al- 
though some slight sacrifice of conservatism is involved, 
the foregoing paragraphs constitute a suitable quantita- 
tive and conservative basis for analysis in response to 
Question 4 above. 

1 - 1  Exchongers with Cross Flow Boffles 
For an array of X identical heat exchangers connected 

in series-counterflow on both streams, Figure 3a, Bowman 
(1936) has shown that the MTD correction factor F 
for the array as a whole is identical to that F' of any 
single element of the array and that 

P 1 - PR 
p' = I-, 

1/x R-1 [ X  - P ( X  - l ) ]  
l--R( l - p  ) 

1 - PR 

P 1 - PR -. 
y'= I-, 

1/x R-1 [ X  - P ( X  - l ) ]  
l--R( l - p  ) 

1 - PR 

where P and P' apply, respectively, to the array as a 
whole and to any single element. 

An explicit form F' equation for unmixed-unmixed cross 
flow of considerable accuracy is available in an ingenious 
general approximation by Roetzel and Nicole (1975). 
Figure 4, which has a much denser population of curves 
of constant R than any previously published for unmixed 
cross flow, is based on computer solution OF their general 
equation for MTD correction factors, using the appropriate 
constants provided in their paper. The accuracy is very 
good for F > 0.7 and R > 0.4. Figure 5 shows, for R = 
1, the variation of F ,  with P and X as calculated from 
Equation (12) and Figure 4. 

P' = ThermalEfficiency 

Fig. 4. MTD correction factors for cross f low heat exchangers with 
both streams unmixed; calculations. 
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Equation (12) could, of course, be solved for P in- 
stead of P‘. If this is done, it is then possible, with Figure 
4 as a basis, to construct separate charts of F ,  vs. P and R 
for any desired values of X .  This is not an attractive al- 
ternative to the use of one chart and one simple equation. 
Conclusions on 1-1 Cross Flow Baffled Counterflow Exchangers 

The unattractive alternative referred to above was pur- 
sued to a point where it became obvious that there is no 
cut08 point defined solely in terms of X beyond which 
the customary value, F = 1, for counterflow may be used 
with impunity. As in all MTD correction factor charts, 
there are areas where F ,  is satisfactorily close to unity, 
but they remain strong functions of P and R, as well as X. 
The following very simple procedure, however, defines 
the minimum number of bundle crossings Xmin required 
to provide an MTD correction factor F, greater than 
0.98. If Figure 4, or an equivalent table or equation, 
is entered with P instead of P’ and the resulting F’ des- 
ignated as F‘( P, R )  , then 

and F ,  may be taken as 1.0 without further ado if the 
actual X equals or exceeds this number. This relation is 
empirical rather than derived and, for the moment at 
least, is not thoroughly understood. I t  does, nevertheless, 
provide the answer to Question 1 for 1-1 counteiflow 
exchangers. 

If X is less than the value obtained from Equation 
( 13) , the appropriate procedure to answer Question 2 
has already been furnished in the paragraphs immediately 
preceding these conclusions. With the use of Equation 
(12) and Figure 4, the procedure is not onerous for 
hand calculations and not at all so for computerized so- 
lutions. 

Some thought must also be given to the fact that 
axial flow of the shell stream has been assumed neg- 
ligible in the derivation for F,. Without going as far as 
to recommend it, the authors suggest that the following 
equation provides a reasonable approximation to the 
true situation: 

Xmin = 1 + 20[1 - F’(P, R ) ]  (13) 

where N is the total number of tubes in the tube bundle, 
N o  is the number of tubes in one baffle opening and F 
is the MTD correction factor appropriate to these quan- 
tities in combination with P, R, and X .  This amounts to 
a primitive interpolation between the upper bound solu- 
tion (F = 1)  and the lower bound solution ( F  = F , )  , 

1-2 Exchangers with Cross Flow Baffles 
No such simple relation as Equation (12) is to be 

found for 1-2 exchangers synthesized from cross flow 
elements as shown in Figures 3b, c, d, and e, even when 
both streams are considered mixed between adjacent ele- 
ments. Nevertheless, MTD correction factors for the ex- 
changer as a whole can be determined by use of the 
relations utilized previously by Gardner ( 1941, 1942, 
1945) : 

. f 1 - p  1 
I n \  1 - P R )  P 

F ,  = .-.-, (15) ( R -  l ) B  R-*l ( 1 - P ) B  

= 2B’X g=- UA 

UA‘ B B‘=--- - 
wc 2x 

wc 

P = f ( P ’ ,  R, X )  
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P 
Fig. 5. MTD correction factors for simulated 1-1 exchangers with 
R = 1, showing effects of number of shell crossflow passes (circled 

numbers). 

P’ = f (B’, R )  (19) 
The last of these is simply a graph, table, or equation 
providing values of P’ for an unmixed cross flow exchanger 
when B‘ and R are given. Table 1 shown in the paper 
by Stevens et al. (1957) is used for this purpose here, 
supplemented on occasion by the Roetzel and Nicole 
( 19 15) reference. 

Once an explicit equation for the relationship indicated 
as Equation (18) is provided, the procedure is simple, 
working the equations in reverse order. For numerical 
evaluation of F,, the details of the procedure are given 
by Gardner (1942). 

The deveiopment of a suitable form of the relationship 
indicated by Equation ( 18), while straightforward, is 
not at all simple. With reference to any one of Figures 
3b, c, d, or e, it involves building up the exchanger 
from left to right block by block, each block consisting 
of two vertically stacked elements constituting one cross 
flow pass of the shell stream. Regardless of the stage 
of completion of the built-up exchanger under considera- 
tion, it may be viewed at that stage as the combination 
of one accumulation of blocks to the left characterized 
by P,-l and a single b!ock to the right consisting of 
two elements, each characterized by P’. The eight tem- 
peratures, T I ,  Ta, Tb, Tz, and tl, ta, tb, and tz, when com- 
bined in appropriate temperature difference ratios to 
define P’, PXpI, P ,  and R, are sufficient to define P also in 
terms of R and X ,  but only by iteration from x = 2 to 
x = x. 

The net results of the foregoing procedures, which are 
too tedious and space consuming to detail here, are two 
sets of recurrence formulas, one for counterflow in the 
left-hand (return) block, the other for concurrent flow. 
Each set requires the alternate use of equations for P, 
for even and odd x until the desired value X is reached. 
Fortunately, these equations are the same whether the 
shell fluid enters at the stationary head end or the return 
end of the shell. Thus, no distinction need be made be- 
tween the MTD correction factors for Figures 3b and c, 
nor between those of Figures 3d and e .  The answer to 
Question 3, posed earlier, is that other things (including 
return flow orientation and X )  being equal, the correc- 
tion factor is independent of shell flow direction in 1-2 
exchangers. 
Counterflow Return 
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P 

Fig. 6. MTD correction factors for simulated 1-2 exchangers with 
R 1 1, showing effects of number of shell cross flow passes ond 

orientation of tube return shell flow. 

where 

terest, that is, Fx > 0.75, and for R = 1 only. This is 
done in Figure 6 over the range 0.7 > P > 0.3. 

The heavy central line in the family of curves shown 
is the customary line for 1-2 exchangers with R = 1 and 
a large number of bafRes. The uppermost (solid) line is 
that for a single crossing of a two-pass bundle with coun- 
terflow return, a normal arrangement, but not often used 
in cylindrical shells. The lowermost (dashed) curve is 
also for one shell crossing but with concurrent return 
which, by itself, is never used. Reading inward from either 
of these extremes, it is seen that increasing the number 
of shell stream crossflow passes by unit increments suc- 
cessively collapses the two curves with the same values 
of X closer to the heavy line for large X and that, at 
constant P ,  they are very nearly equally spaced above 
and below it for X > 1. This variance, as a percentage 
of the conventional F,  for 1-2 exchangers, is summarized 
in Table 1 for a minimum acceptable F of 0.75 for R = 
1 and for both 0.75 and 0.85 for R = 0.2 and 5. (F, = 

(21) 

for even x 
1-pz-1 ,i 

1 - P'PZ-lR 
Y, = P' ( 

for odd x > 1 ii (24) 

where 
(1 - P'R) (1 - Px-1) + P'Pz-1R 

1 - P'R[P' + P,-1[1- P'(R + 1)1 1 Y, = P' 

0.75 at R = 1 and F ,  = 0.85 at 0.2 or 5 are compatible 
with an acceptability criterion of Popt = 0.9Pma,.) 
Conclusions on Cross Flow Baffled 1-2 Exchangers 

The equations given above generate both an upper 
bound and a lower bound solution for F,, as shown in 

Cocurrent Return 

(25) PI = P'[2 - P'(R + l ) ]  

(26) 

for even x 

1 Yx 
R P'R 

Pz = - - - ( 1  - R[P' + Pz-i[l- P'(R + 111 1 )  

where 
P'( 1 - P'R) 

Y, = 
(1 - P'R[P'+ P,-1[1 - P'(R + 111 I >  or 

P ,  = P' 

+ [l - P'(R + l)]{P' + P,-1[1 - P'(R + 1)1> 
(1 - P'P,-lR) 

for odd x > 1 (28) 

Numerical Results for 1-2 Exchongers 
Either of the foregoing two sets of equations is solved 

iteratively for P by starting with Equation (20),  for 
example, to determine P1, using this result in Equation 
(21) with x = 2 to find P 2 ,  using this result in Equation 
( 2 3 )  with x = 3 to find P3, and so on, alternating be- 
tween Equations (21) and (23) until the required value 
of X is reached. This, then, gives the value of P required 
in the procedure, that is, the numerical solution of Equa- 
tion (18) for counterflow return. For cocurrent return, 
substitute Equations (25), (26), and (28) for (20),  (21), 
and (23). 

Values of F, have been determined as a function of P 
at R = 0.2, 1, and 5, X = 1-5 inclusive and for both 
counterflow and cocurrent return blocks. For clarity of 
presentation, these are displayed on magnified scale for 
that region of a correction factor chart normally of in- 
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Figure 6 and Table 1. The higher value occurs only for 
two combinations of X and return flow orientation-counter- 
flow return and odd X or cocurrent return and even X. 
The lower value is obtained with counterflow return and 
even X or with concurrent return and odd X .  This some- 
what complicates the reply to the questions initially raised. 

The authors' answer to Question 1 is that the large 
number sought, at and above which the conventional 1-2 

TABLE 1. PERCENT VARIANCE FROM CONVENTIONAL F, 

R 1 .o 0.2 and 5.0 

?; 0.75 0.75 0.85 

3 a4.9 e6.9 k 2 . 6  

4 ~ 2 . 9  74.5 ~ 1 . 6  

5 e1.9 k 3 . 1  kO.9 

Upper sign for counterflow return. 
Lower sign for cocurrent return. 
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correction factors may be used with impunity, is X = 5 
(4  baffles). The basis, as before, is that a discrepancy of 
-2% from the customary F ,  is, for practical purposes, 
negligible. 

Question 2, what to do when X < 5, is subject to a 
facile response which, most things considered, would be 
the authors’ preference. In general, avoid designing 1-2 
exchangers with less than four cross flow baffles. Neverthe- 
less, if the higher value of F ,  is justified by the discussion 
at the start of these conclusions, it is conservative to use 
F ,  regardless of X .  If, however, baffle spacing and piping 
layout requirements conspire to insist upon the lower 
value of F,, that lower value should be used, as calcu- 
lated from the appropriate equations or estimated from 
the limited data of Table 1. 

Question 3 has already been answered. The shell flow 
direction is immaterial, other things being equal, just as 
it is for F,. 

Finally, as for 1-1 counterflow exchangers, an inter- 
polation formula is required to compensate for oversim- 
plification in the assumption of no axial flow components 
of the shell stream over effective surface. The authors 
suggest that 

similar to Equation (14) for counterflow, but with F, 
replacing 1.0 in recognition of the fact that only half 
the axial flow of the shell stream is counter to the tube 
flow direction, the other half being cocurrent. 

Summary on Cross Flow Baffled 1-1 and 1-2 Exchangers 
The effect of number of cross flow bafRes on the MTD 

in 1-1 and 1-2 TEMA type E heat exchangers has been 
studied using all but one of the conventional assumptions 
listed. The exception, assumption 3, states that the num- 
ber of baffles is large, which permits analysis for tempera- 
ture variation of both streams as though the shell flow 
were purely axial in direction. The fewer the baffles per 
shell, the less valid such analysis must be. 

Accordingly, the present analysis is based on simu- 
lating the exchangers as assemblages of pure cross flow 
elements. Since the true physical situation must lie be- 
tween this extreme and the conventional one, simple 
interpolation formulas are proposed in Equations (14) 
and (29).  

For nominally counterflow 1-1 exchangers, the results 
can be quite dismaying, especially to those (most of us) 
whose conditioned reflex to the word counterflow is a 
Pavlovian F = 1; no tendency to salivate has been ob- 
served. For example, such an exchanger without tubes 
in the baffle openings designed for R = 1.0, P = 0.8, and 
X = 4 has an MTD correction factor of -0.89, Equation 
(13) shows that at least eleven bundle crossings would 
be required in order to justify the use of logarithmic 
MTD without correction. * 

By contrast, 1-2 exchangers may be designed with the 
customary hlTD correction provided only that X 2 5. 
The penalty for lesser numbers is nonexistent under some 
circumstances but not severe in any practical case, as 

Since the presentation of this paper, Caglayan and Buthod (1976) 
have published MTD correction factors for 1-1 cross flow baffled ex- 
changers obtained by computer calculations on a model identical to 
the authors’ except that the tube stream is considered unmixed through- 
out the exchanger, as is usually the case. A limited spot check indicates 
that at points where the authors’ values of F ,  = 0.8, they are approxi- 
mately 5% higher than shown by Caglayan and Buthod (1976) and, at 
0.85, 3%. The curve for R = 1 in Figure 6 (for X = 3) in the same 
paper is puzzling in that it does not agree with that presented by 
Stevens et al. (1957) and that it crosses the curve for R = 1 in Figure 
7 (for X = 4). The values of Stevens et al. (1957) are used for com- 
parison in this case. 

previously discussed. 
As a final observation, the discomforting thought OC- 

curred to the authors that at least some data used for 
shell side coefficient correlations in the past were ob- 
tained from units having only very few baffles in a 1-1 
exchanger, in which case invariably the assumption of 
straight counterflow was made. The potential errors are 
difficult to assess and are beyond the scope of this paper, 
but it is hoped that at least future researchers in this 
area will derive a warning message from the results pre- 
sented here. 

ACKNOWLEDGMENT 

The authors wish to thank their respective employers, Liquid 
Metal Engineering Center (LMEC), operated for the US. En- 
ergy Research and Development Administration ( ERDA) by 
the Atomics International Division of Rockwell International, 
and Heat Transfer Research, Inc. (HTRI), for permission to 
publish this paper. A portion of the work reported here was 
done under EFWA Contract E (  04-3)-700. 

NOTAT I ON 

A =  
A ’ =  

B =  

B’ = 
c =  
d =  
D =  

F =  
F ,  = 

c =  

F’ = 
f 0  = 
h =  
N =  
N o  = 

P =  
p’ = 
P, = 

Q =  
R =  
Re = 
T =  
T ’ =  

t =  
u =  
u ’ =  
w =  
x =  
Y ,  = 

w =  

Atnl = 

WLlg = 
c L =  

total surface per shell 
surface per basic element = A/X for 1-1 or 
A/2X for 1-2 exchangers 
( U A / w c )  = number of transfer units (NTU) 
per shell 
(UA’/wc) = NTU per basic element 
heat capacity of shell fluid 
heat capacity of tube fluid 
differential operator 
( T  - t )  = temperature difference between shell 
and tube streams 
(At,/Atl0,) as defined by Equation (4)  
(At,/Atl,,) for an exchanger synthesized from 
pure cross flow elements 
( At,/Atl,,) for a basic cross flow element 
a function of the quantities within ( ) 
fluid film heat transfer coefficient 
number of tubes per shell 
number of tubes in a single segment baffle win- 
dow 
(tz - t i )  / ( T i  - tl) for the exchanger as a whole 
(tout - tin)/(Tin - ti,) for a basic element 
( tollt - th) /  (Ti, - ti,) for a portion of the ex- 
changer consisting of x baffle compartments ad- 
jacent the tube return head 
heat exchanged per unit time 

Reynolds number 
temperature of shell fluid 
Dh/D,  = ratio of hot/cold terminal temperature 
differences 
temperature of tube fluid 
overall heat transfer coefficient 
(U , , /UC)  
mass flow oE shell stream per unit time 
mass flow of tube fluid per unit time 
number of tube bundle crossings per shell 
f (P’ ,  P,-1, R )  defined by Equations ( 2 2 ) ,  (24), 
or (27) 
mean temperature difference (MTD) between 
streams 
counterflow loqarithmic MTD 
viscosity of a fluid stream 

( T i  - T z ) / ( t ,  - ti) = WC/WC 

Subscripts 

avg = average value of a quantity (defined in various 
ways 1 
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a, b 

cf 
h 
max 
opt 
1 
2 

C 
cc 

= intermediate points along stream 
= cold end of counterflow exchanger 
= cocurrent tube pass 
= counterHow tube pass 
= hot end of counterflow exchanger 
= maximum obtainable 
= economic optimum 
= inlet of a stream 
= outlet of a stream 
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Dispersion in Layered Porous Media 
Experimental data on directional dispersion coefficients in transversely 

isotropic media, a special case of anisotropic media, were determined in 
models consisting of alternating layers of sintered glass and unconsolidated 
glass beads. Values of appropriate parameters to relate the velocity to the 
directional dispersion coefficient were determined for a variety of perme- 
abilities and angles. Sensitivity of these parameters with respect to angle 
was determined, and results are presented which will permit estimate of 
when this effect is significant. 

SCOPE 
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Porous media occur in many areas of chemical engi- 
neering, petroleum engineering, and hydrology. The usual 
difficulties with characterization of porous media occur 
because of their nonuniformity, heterogeneity, and anisot- 
ropy. Nonuniformity and heterogeneity are concerned 
with spatial variations of the media; anisotropy is con- 
cerned with variation with angle. To treat a general anis- 
otropic medium is difficult; therefore, some special case of 
anisotropy is usually treated. 

In this paper, we treat dispersion in transversely iso- 
tropic porous media, which are a special subset of aniso- 
tropic porous media. Transversely isotropic media charac- 

Texas. 
M. B. Moranville is with the Shell Development Company, Houston, 

terize layered systems. Most petroleum and water reser- 
voirs are layered. Many packed beds are packed in layers. 
The objective was to characterize the dispersion (mixing) 
of a fluid as it flows through such a medium as it relates 
to the angle the velocity makes with axis of isotropy and 
the velocity of flow. To take a single example, such knowl- 
edge is extremely important in the production of petroleum 
from underground deposits when this production is being 
accomnlished by miscible displacement, that is, displace- 
ment of petroleum from the rock formation using a misci- 
ble fluid. The significant theory leading up to the treat- 
ment in this article is reviewed, and here we give results 
which permit the directional dispersion to be related both 
to velocity and to angle. 
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